Majorana bound states, with their non-Abelian properties, are candidates for the realization of fault-tolerant quantum computation. Here we study the influence of long-range many-body interactions on Majorana zero modes present in Kitaev chains. We show that these interactions can suppress the lifetime of the Majorana zero mode. We also discuss the role of long-range interactions on the Majorana state's spatial structure, and the overlap of the Majorana states localized at opposite ends of the chain. We have determined that increasing the interaction strength leads to decreasing of the stability of the Majorana modes. Moreover, we found out that interaction between particles located at more distant sites plays a more destructive role than the interaction between nearest neighbors.
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I. INTRODUCTION
Kitaev's famous proposal [1] for the realization of Majorana quasiparticles opened a period of intense study into these topological bound states [2] [3] [4] . Currently, realizations of Majorana bound states are expected in a few low-dimensional platforms. First are semiconductingsuperconducting hybrid nanostructures [5] [6] [7] [8] [9] [10] [11] [12] , where the interplay between intrinsic spin-orbit coupling, induced superconductivity, and external magnetic field lead to the realization of zero-energy bound states [3] . Second are one-dimensional (1D) chains of magnetic atoms deposited on a superconducting surface [13] [14] [15] [16] [17] [18] , where Majorana bound states are expected to form as a consequence of the magnetic moments in mono-atomic chains [19] [20] [21] [22] . More recently, a realization of these zero-energy bound states in two-dimensional topological superconducting domains [23] [24] [25] and nanostructures with spin textures [26] [27] [28] have also been illustrated as well.
An essential property of Majorana zero modes (MZMs) are their non-Abelian statistics [29] . Such peculiarity makes them a very promising platform for the realization of fault-tolerant quantum computing [30] [31] [32] [33] [34] [35] . Quantum computations can be realized using braiding protocols [35] [36] [37] [38] [39] , which can be practically implemented in wire-type systems [40] . Here quantum qubit registers are stored in spatially separated MZMs, which are topologically protected from noise and decoherence [41, 42] . The localized Majorana modes can also be manipulated by solely acting on the quantum dots [11, 12, [43] [44] [45] [46] [47] [48] . For practical applications, it is crucial to describe the source of the decoherence in the system. This is due to the fact that any decoherence can lead to additional errors in the state's coding [49] . From this, we should maximally clear out the source of decoherence in the system [50, 51] , which can be induced, e.g., by fluctuations [52, 53] .
In the context of the practical implementation of quantum computers based on MZMs, the interaction introduced in the system plays an important role in the computation process. The stabilization of MZM can be achieved by introducing limited interaction strengths [54] [55] [56] [57] . On-site repulsive interactions, in the half-spin fermion chain, was earlier discussed within in the Hartree-Fock approximation [54, 58] . This type of interaction can lead to the decreasing of the Zeeman energy minimum value needed for MZM emergence. Additionally, on-site interactions can stabilize the MZM [57, 59] . Long-range interactions, however, can reduce the decoherence rate [60] . In the context of spinless fermions, interactions between nearest sites have been discussed using density-matrix renormalizationgroup (DMRG) methods [56, 61] . Moreover, in this case, moderate repulsive interactions stabilize the topological order. In the present work, we study the influence of long-range interactions on the MZM's lifetime and spatial structures using exact diagonalization (ED) for the Kitaev chain. The paper is organized as follows: In Sec. II, we introduce the microscopic model and present computational details. In Sec. III, we describe the numerical results. Finally, we summarize the results in Sec. IV.
II. MODEL AND METHODS
We consider a spinless fermion chain with L sites, described by the Kitaev model [1] extended by many-body interactions. The system can be represented by the following Hamiltonian:
where a † i (a i ) is fermionic creation (annihilation) operator of spinless fermion at site i, while n i = a † i a i − 1/2.
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Here t is the hopping integral, ∆ is the superconducting gap, µ is the chemical potential, and V r is the r-nearest neighbor interaction strength.
In the absence of the interactions, when |∆| > 0, in the Kitaev model, there are two distinguished phases: topological and trivial [1] . Then in the thermodynamic limit it can be shown that the topological phase is present for |µ| ≤ 2t and the trivial phase is present for |µ| > 2t. MZMs can emerge only in the topological phase. Here, one should notice that for a system with many-body interactions, the expression for the phase boundary can be more complicated [61] [62] [63] . There are several methods for studying the presence of MZM in the system with many-body interactions. Additionally, there exist a few indicators, which can be used for checking if the system is in the topological phase [56] .
From a theoretical point of view, studying quantum systems with many-body interactions is a relatively difficult task. For example, DMRG methods allow for studying systems with thousands of sites, but are limited to short-range interactions. Here, we used ED for solving the chain with L sites. Unfortunately, only small systems can be solved exactly (with L ∼ 20) [64] . This method allows us to study all possible r for selected system size. For simplification and without loss of generality we take r up to 4, due to the fact that for ED-based methods, only small system sizes are available.
MZMs, as states which are indistinguishable from their anti states, should fulfill a few conditions. Each MZM is equivalent to a zero mode Γ, which is fermionic operator satisfying the following relations [32] :
In actual physical systems with finite length, in which one can realize a MZM, the second condition of (2) is associated with the exponential suppression of energy splitting, i.e. [Γ, H] ∝ e −L/ξ [32] , where L is system size and ξ is correlation length. MZM in the finite length system has nearly-zero energy and, in consequence, a finite lifetime [62, 65] , which is observed experimentally [66] .
To analyze the influence of long-range interactions into the spatial structure of the Majorana modes, we can analyze the Γ modes in the Majorana basis representation. Then MZMs in the Majorana operator
can be expressed as:
where α ± i are real coefficients. We assume a normalization condition i α 2 i = 1 when Γ 2 = 1 [62] . Here, γ + and γ − can be understood as new orthogonal basis matrices. Moreover, this basis is a natural representation for the system which hosts MZM.
To check if MZMs can exist in our system, we used the same method which was introduced for studying integrals of motion in the Heisenberg model [67, 68] and then was adapted for Kitaev model [62] . As the second condition for MZM is satisfied in the thermodynamic limit only (except fine-tuning parameters settings), we generate almost conserved MZMs by solving the optimization problem [62] :
which becomes an eigenvalue problem for the matrix γ i γ j . We found the operator Γ averaged over time τ as close as possible to the operator Γ. To measure the distance between operators Γ and Γ we used the Hilbert-Schmidt operator norm defined in the following way: (1) . We solved the eigenvalue problem for matrix γ i γ j and in result we obtained eigenvalues λ with corresponding eigenvectors [α i ]. Averaging was done by high-oscillating terms cut-off in operator energy basis:
where |n and E n are respectively eigenstate and eigenenergy of the Hamiltonian H and θ is the Heaviside function. Such averaging, in the limit τ → ∞ is equivalent to calculating the following:
The value of λ carries information about the distance between operators Γ and Γ. In the limit τ → ∞, we can distinguish three different scenarios: λ = 1, then Γ is a strict integral of motion Γ = Γ, the distance between them is zero and the MZM condition [H, Γ] = 0 is satisfied exactly. For 0 < λ < 1, part of the information which is stored in Γ is conserved. Finally, if λ = 0, the information stored is lost. In this work, we then look for the largest λ, and the corresponding eigenvectors [α i ], which carry information of the possible MZM realizations in the system.
III. NUMERICAL RESULTS
In this Section we present the numerical results. First, we start by describing the influence of the long-range interaction into Majorana modes lifetimes (Sec. III A). Next, we describe the spatial structure of the Majorana modes in the presence of the long-range interaction (Sec. III B). Figs. 1-4 show the most stable λ, which we found by solving Eq. (4). Note that the biggest λ is doubly degenerate -for each MZM: Γ + and Γ − , which are defined later. To study the influence of long-range interaction, we study each V r independently, considering only one non-zero r-nearest neighbor interaction V r for given r. In Fig. 1 we compare influence of V r and µ on λ. It is known that moderate interaction V 1 can lead to the broadening of the topological regime [54] . The same feature can be seen in our result, note the contour λ = 0.1 in Fig. 1(a) . However, this topological phase broadening is much smaller, when longer range interactions V 2 , V 3 and V 4 are present in the system [ Fig. 1(b) - Fig. 1(d) ]. Moreover, increasing the interaction range r decreases the area of strong MZM [see yellow area under the λ = 0.9 contour in Fig 1(a)-Fig 1(d) ]. Here we can notice that Fig. 1(c) , but for different times τ = 1, 10, 100, 1000. Black and white contour marks λ = 0.9 and 0.1, respectively. the transition from trivial to topological regime does not occur exactly at |µ| = 2t in the case without interactions (V r = 0), due to a finite-size effect [1] .
A. Majorana modes lifetimes

Results in
In Fig. 2 we present the same as in Fig. 1 , but as a function of ∆, instead of µ. Again one can see the topological phase decreasing as the interaction range r grows. One can see here characteristic line along ∆/t = 1. This fading line is related to the fact that Kitaev model for the non-interacting case ∆ = |t| and µ = 0 (special parameter tweak) contains MZM, which are exactly integrals of motion even for finite system size [1] . It seems that for large τ and ∆/t 1 MZM are absent in the system. However, this is only a finite size effect, which we explained in detail in Fig. 4 .
To study the topological phase in the thermodynamic limit L → ∞ and τ → ∞ one should be extremely careful doing the size/time scaling. Except for special parameter tweak, following limit always tends to zero: lim L→∞ lim τ →∞ λ = 0. In Fig. 3 we show how λ vanishes over time τ for the selected case. However, there is a nonzero topological regime even for a large τ = 1000 and for Figure 6 . Energy gap ∆E as a function of interaction Vr and chemical potential µ. Panels correspond to different longrange interaction Vr, as labeled. System parameters same as in Fig. 1 . a relatively small system with L = 10. In a contrast, limit Λ = lim L→∞ lim τ →∞ λ in general can be different than 0. The order of these limits is essential, for an almost strong MZM value of Λ 1 [62] . In Fig. 4 , a finite-size scaling is presented. The procedure of extrapolation of Λ can be found in Ref. [62] . However, in this work, to compare the influence of interaction range r, finite time results are sufficient for the discussion.
Next, we check the necessary condition for soft MZM, i.e. degeneracy of the ground-state energies δE =
is n-eigenenergy from even (odd) parity regime [60] . Ground-state degeneracy δE and energy gap ∆E results for different interaction V r range r can be found in Figs. 5 and 6 , respectively. Surprisingly, one may conclude from the results presented in Fig. 5 that increasing the interaction range r topological phase increases as a consequence of increasing the yellow regime, where δE is small. Simultaneously, in Fig. 6 , the area with a bigger energy gap ∆E grows with the interaction range r. It should be stressed that the δE condition is necessary, but it is not sufficient. In Fig. 5 (a) one can identify a few yellow stripes. These lines separate regions where the ground-state average particle number N = i a † i a i is close to an integer value: 0, 1, . . . , L (see Supplementary Material for Ref. [62] ). These lines are the consequence of energy level crossings and are not related to MZM presence in the system.
B. Spatial structure of Majorana modes
To study the spatial profile of the MZM, we can express the Γ state in the Majorana basis, which was included earlier (cf. Sec. II). Then, we can find a pair of orthogonal operators Γ + and Γ − :
which describe a projection of the Γ states into the pure-Majorana γ states. Because of this, every Γ ± state contains only α ± i = 0 (describing contribution of the γ ± state), while in the same time α ∓ i = 0. Examples of numerical results are shown in Fig. 7 , where |α + i | 2 +|α − i | 2 is presented. This quantity corresponds to the local density of states [69] or differential conductance [70] . Additionally, in the case of a uniform chain, due to symmetry in the chain midpoint, the coefficients for Γ + and Γ − must be swapped in space, i.e., α + i = α − L+1−i . Using such constraint, one can generate coefficients only for one of Γ ± to study the spatial structures. As we can see, increasing interaction range r leads to decrease of the MZM localization, i.e. when r grows, the sum |α + i | 2 + |α − i | 2 at the center of the chain increases [cf. Fig. 7(b)-Fig. 7(d) ]. At the same time, the value of this expression decreases at the ends of the chain. Such behavior can be explained by decreasing the overlap between MZM located at both left and right ends of the chain. In contrast, the interaction between nearest-neighbor sites leads to the stabilization increment of the MZM [57, 62] . Moreover, this emphasizes the importance of many-body interactions on the MZM lifetime. As a degree of non-locality of the two Majorana states, we can define their overlap [12, 46] :
where Γ − = UΓ − U † is reflection in space of Γ + and U is unitary operator described by transformation of basis matrices Uγ ± i U † = γ ∓ i . From the definition, Ω takes ranges from 0 (no overlap) to 1 (perfect overlap). Here, we note that the Ω strongly depends on L [71] . Moreover, this quantity can be associated with the resilience of the Majorana qubit to local environmental noise, with complete non-locality Ω = 0 denotes topological qubit protection [46] .
In general, the overlap Ω can be controlled by some parameter modification, like electrostatic potential [72] [73] [74] [75] or inter-site interactions [57, 62] . In our case, we control 
Overlap Ω between left, and right Majorana states, as a function of interaction Vr and chemical potential µ. Panels correspond to different long-range interaction Vr, as labeled. System parameters are the same as in Fig. 1 .
Ω by modification of the long-range interaction V r and the chemical potential µ in the whole system, for which the result is presented in Fig. 9 . For weak V r and doping µ overlapping is exponentially small. When interaction V r increases, Ω decreases -this effect seems to be independent of interaction V r range. As one can see, the MZM overlap Ω is more sensitive to controlling the chemical potential µ than interaction V r modifications. Similar behaviour can be observed in Fig. 10 , where we show site index i for which the "local" overlapping Figure 10 . The site number i for which |a + i a − i | is maximal as a function of interaction Vr and chemical potential µ. Panels correspond to different long-range interaction Vr, as labeled. System parameters are the same as in Fig. 1 . |a + i a − i | reaches maximal value. As one can see, increasing chemical potential µ leads to a stronger overlap between Majorana states (at the center of the chain, i.e., i = 5). In contrast, increasing of the long-range interaction V r leads to increasing overlapping near the edge of the chain -the maximal value of overlap is more visible outside than in the center of the chain. Note that, fast changes of site index i for µ/t ∼ 1 are associated with numerical accuracy, i.e. local overlap |α + i α − i | is relatively small and comparable for all i (small variance).
IV. SUMMARY
We have studied the influence of interaction range on the Majorana zero mode lifetime and spatial structure in the Kitaev chain. The Majorana zero mode's lifetime is an important quantity from a practical point of view and can be related to the topological qubit decoherence time. For the practical application of Majorana zero modes, one needs to extend the decoherence time, which will aid the realization of a quantum computers based on their non-Abelian properties.
From previous theoretical calculations based on DMRG methods, moderate repulsive interactions between the nearest sites can lead to the stabilization of the topological order [56, 61] . It should be emphasized that the dissipation and dephasing of the Majorana zero modes have also been studied in the presence of nearest neighbor interactions [60] . In this case, the dissipa-tion and dephasing noises can induce parity-and nonparity preserving transitions. Moreover, the dissipation and dephasing rates can be reduced by increasing the interaction strength at sufficiently low temperature, which can lead to extended coherence times for the Majorana mode [60] .
In this paper, we have shown that long-range interaction strongly modifies the lifetime of the Majorana zero mode. These interactions decrease the lifetime of the MZM. Moreover, we have discovered that interaction between particles located at distant sites is more significant than the interaction between nearest neighbors. This behavior can have a crucial role from the practical point of view in real materials, where interaction decays with distance. This destructive character can be crucial for the practical implementation of Majorana zero modes as topological qubits. This type of interaction leads to the overlap between two Majorana bound states localized at the opposite end of the chain. Naturally, it can be a source of decoherence of these states. In summary, to guarantee the efficiency of quantum computers based on Majorana zero modes, the suppression of the long-range interaction is required.
